Abstract. We introduce H-triples and a partial order relation on them, generalizing the theory of ordering character triples developed by Navarro and Späth. This generalization takes into account the action of Galois automorphisms on characters and, together with previous results of Ladisch and Turull, allows us to reduce the Galois-McKay conjecture to a question about simple groups.
Introduction
The origin of the McKay conjecture dates back to a paper of John McKay from 1972 ( [McK72] ), where it is stated for finite simple groups and for p " 2. In 2007, Martin Isaacs, Gunter Malle and the first-named author reduced the McKay conjecture to a problem about simple groups in [IMN07] . Using this reduction theorem, G. Malle and the second-named author have recently proven that the McKay conjecture holds for all finite groups for p " 2 in [MS16] .
Conjecture (The McKay conjecture). Let G be a finite group, let p a prime and let H " N G pP q be the normalizer in G of a Sylow p-subgroup P of G. Then
In 2004, the first-named author predicted that not only the degrees of the complex characters of G and H were related but also their values (see [Nav04] ). For a fixed prime p, let H be the subgroup of G " GalpQ ab {Qq consisting of the σ P G for which there exists an integer f such that σpξq " ξ p f for every root of unity ξ of order not divisible by p.
Conjecture (The Galois-McKay conjecture). Let G be a finite group, let p be a prime, and let H " N G pP q be the normalizer in G of a Sylow p-subgroup P of G. Then the actions of H on Irr p 1 pGq and Irr p 1 pHq are permutation isomorphic.
As a matter of fact, this conjecture is stated only for cyclic subgroups of H in Conjecture A of [Nav04] , but it is suggested in the above more general form at the end of the same paper. The Galois-McKay conjecture as stated above is equivalent to the existence of a McKay bijection preserving fields of values of characters over the field Q p of p-adic numbers. Recall that if Q Ď F is a field extension and χ is a character of a group G, then the field of values Fpχq of χ over F is obtained by adjoining to F all the values of χ. The conjecture appeared in this latter form in [Tur08a] (also including local Schur indices).
The Galois-McKay conjecture has been proved for p-solvable groups in [Tur08b] and for alternating groups in [Nat09] and [BN18] . It has been established for groups with cyclic Sylow p-subgroups in [Nav04] ; and for groups of Lie type in defining characteristic in [Ruh17] . For sporadic groups, it can now be easily checked with [GAP] .
Also, some of its main consequences have been obtained since its formulation. For instance, in [NTT07] it was proven that, for p odd, N G pP q " P if, and only if, G has no non-trivial p-rational valued irreducible character of p 1 -degree. More recently, for p " 2, it has been proved in [SF18] that N G pP q " P if, and only if, all the odd-degree irreducible characters of G are fixed by σ 0 P H, where σ 0 squares odd roots of unity and fixes 2-power roots of unity. Some other consequences, such as determining the exponent of P {P 1 from the character table have been treated recently in [NT19] . In particular, we now know that the character table determines the exponent of the abelianization of a Sylow 2-subgroup thanks to [NT19] and [Mal19] . In all these papers, ad-hoc reductions to simple groups have been provided for fixed elements σ P H, and then the classification of finite simple groups has been used to prove the theorems. However, the Galois-McKay conjecture has eluded a general reduction until now. The following is the main result of this paper. We recall that a simple group S is involved in G if S -K{N for some N Ÿ K ď G.
Theorem A. Suppose that G is a finite group, and p is a prime. If all simple groups involved in G satisfy the inductive Galois-McKay condition for p (Definition 3.1), then the Galois-McKay conjecture holds for G and p.
One of the main differences between our reduction theorem and the reduction theorem for the McKay conjecture is that we cannot make use of the general theory of character triples and character triple isomorphisms, since these do not preserve in general fields of values. We remedy this by introducing the notion of H-triples in Section 1. There we also introduce a partial order relation between H-triples that allows us to construct H-equivariant bijections between character sets. The original partial order relation between character triples that we now generalize and whose use is crucial in this work was introduced in [NS14] . Here we mostly refer to the exposition given in [Nav18] . In Section 2 we study how to construct new ordered H-triple pairs from old ones. In Section 3 we give the inductive Galois-McKay condition that we expect all finite simple groups to satisfy. Finally in Section 4, we prove Theorem A relying on key results due to Friedrich Ladisch and Alexandre Turull. We care to remark that our Theorem A does not provide a different proof of the p-solvable case of the Galois-McKay conjecture as our method depends on the study of the character theory over Glauberman correspondents that has been carried out by A. Turull in different papers.
The verification of the inductive Galois-McKay condition for finite simple groups brings up a new challenge, as it requires a vast knowledge of the character values of decorated simple groups and the interplay between Galois action and the action of group automorphisms on characters, a subject that it is still not fully understood. Examples of families of simple groups satisfying the inductive Galois-McKay condition will appear in [Spä19] .
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H-triples
Let G be a finite group, let N Ÿ G, and let θ P IrrpNq. We denote by IrrpG|θq the set of χ P IrrpGq such that θ is an irreducible constituent of the restriction χ N . If θ is G-invariant, then it is said that pG, N, θq is a character triple. The aim of this section is to extend the theory of ordering character triples developed in [NS14] by taking into account the action of Galois automorphisms on characters.
Let G " GalpQ ab {Qq, where Q ab is the field generated by all roots of unity in C. By Brauer's theorem on splitting fields [Bra45] , the group G acts on the irreducible characters of every finite group. Let σ P G, we denote by θ σ the irreducible character of N given by θ σ pnq " θpnq σ " σpθpnqq for every n P N. (Note that G is abelian.)
Let p be a prime which is fixed but arbitrary. Let H be the subgroup of G consisting of the σ P G for which there exists an integer f such that σpξq " ξ p f for every root of unity ξ of order not divisible by p. For every non-negative integer n, the restriction of the automorphisms in H to Qpξ n q yields a group H n ď GalpQpξ n q{Qq which is isomorphic to GalpQ p pξ n q{Q p q, where ξ n is a primitive nth root of unity and Q p is the field of p-adic numbers.
We denote by θ H the H-orbit of θ and by IrrpG|θ H q the set of irreducible characters of G which lie over some H-conjugate of θ. This set is ď σPH IrrpG|θ σ q .
If χ P IrrpG|θ H q, then we call the natural number χp1q{θp1q the character degree ratio of χ (with respect to θ H ). We denote by G θ H the stabilizer in G of the set θ H , in the action of G on IrrpNq by conjugation. Note that
In this case, we call pG, N, θq H an H-triple. Notice that if pG, N, θq H is an H-triple, then pG, N, θ σ q H is also an H-triple for every σ P H. Also, note that pG θ H , N, θq H is always an H-triple.
Suppose that pG, N, θq H is an H-triple. Let G θ be the stabilizer of θ in G. If g P G, then there is σ P H such that θ g " θ σ . Therefore pG θ q g " G θ , and we have that G θ Ÿ G. Furthermore, notice that via gG θ Þ Ñ σH θ we obtain an injective homomorphism G{G θ Ñ H{H θ . We will denote by H G,θ the subgroup of H such that H G,θ {H θ is the image under the above monomorphism. We will write just H G whenever θ is clear from the context.
We start with the following result on projective representations. For a background on these, see Chapter 11 of [Isa06] or Section 10.4 of [Nav18] . It is a version of the main result of [Rey65] . Theorem 1.1. Suppose that Q is a projective representation of G whose factor set α only takes roots of unity values and satisfies αp1, 1q " 1. Then there is a similar representation Q 1 with entries in a finite cyclotomic extension of Q.
Proof. As in Theorem 5.6 of [Nav18] , let Z be a finite subgroup of Cˆcontaining all values of α. Define p G " tpg, zq | g P G, z P Zu with multiplication given by
The product above is associative as α is a factor set. Since αpg, 1q " αp1, 1q " αp1, gq " 1 for every g P G (by Lemma 11. Proof. By Theorem 5.5 of [Nav18] , there exists a projective representation P 1 of G associated with pG, N, θq such that the factor set α only takes roots of unity values. Since α is the factor set of P 1 , we see that αp1, 1q " 1. By Theorem 1.1, let P be a similar projective representation of G with values in Q ab . Since P and P 1 have the same factor set, it easily follows that P is a projective representation associated with θ satisfying the required properties.
Finally, if P is any such representation, let Z be a finite subgroup of Cˆcontaining all values of α. Define p G " tpg, zq | g P G, z P Zu with multiplication given by
as in the proof of Theorem 1.1. Then p P defined as p Ppg, zq " zPpgq for every pg, zq P p G is an ordinary representation of p G. The last statement follows since p Ppg, zq has finite order for every pg, zq P p G.
Remark 1.3.
Recall that if pG, N, θq is a character triple, then two projective representations P and P 1 of G are associated with θ if, and only if, there is a function µ : G Ñ Cˆconstant on cosets of N, with µp1q " 1 and a complex invertible matrix M such that P 1 pgq " µpgqM´1PpgqM for all g P G (this is Lemma 10.10(b) of [Nav18] ). Notice that µ is uniquely determined by the pair pP, P 1 q. Indeed, if P 1 pgq " µ 1 pgqM´1 1 PpgqM 1 for all g P G, for some function µ 1 with µ 1 pnq " 1 for all n P N, then we will have that M´1PpnqM " M´1 1 PpnqM 1 for all n P N. By Schur's lemma, we have that M 1 " λM for some λ P Cˆ. Hence µpgqM´1PpgqM " µ 1 pgqM´1PpgqM for all g P G, and thus µpgq " µ 1 pgq using that M´1PpgqM is non-zero.
Let P be a projective representation of G with factor set α. If f : G Ñ G 1 is a group isomorphism (we will use exponential notation for images of f ), then we define P f pg 1 q " Ppg 
Proof. Notice that g normalizes G θ . The rest is straightforward using Remark 1.3.
We are now ready to define a partial order relation between H-triples. 
(iii) There are projective representations P of G θ and P 1 of H ϕ associated with θ and ϕ with entries in Q ab with factor sets α and α 1 respectively such that α and α 1 take roots of unity values,
, and for c P C G pNq, the scalar matrices Ppcq and P 1 pcq are associated with the same scalar ζ c . (iv) For every a P pHˆHq θ , the functions µ a and µ 1 a given by Lemma 1.4 agree on H θ .
In (iii), notice that if c P C G pNq, then c P H θ , and Ppcq and P 1 pcq are scalar matrices by Schur's Lemma (applied to the irreducible representations P N and P 1 M ). In the situation described above we say that pP, P 1 q gives
Note that if pP, P 1 q gives pG, N, θq H ě c pH, M, ϕq H as above, then pP, P 1 q is associated with pG θ , N, θq ě c pH ϕ , M, ϕq in the sense of Definition 10.14 of [Nav18] .
The following technical result will be useful at the end of Section 2. so that δpνq is a factor set. It is routine to check that the factor set of p P is β " δpǫqα. Also,P 1 is a projective representation with values in Q ab associated with ϕ, and with factor set β 1 " δpǫ H θ qα 1 " β H θˆHθ . For every c P C G pNq, the matricesP 1 pcq andP 1 pcq correspond to the same scalar ǫpcqζ c , where Ppcq and P 1 pcq correspond to the scalar ζ c . Hence pP,P 1 q satisfies condition (iii) of Definition 1.5. Whenever ph, σq P pHˆHq θ , it is straightforward to check that,
q H θ , and the functions µ hσ and µ 1 hσ given by Lemma 1.4 satisfy
In particularμ 1 hσ " pμ hσ q H θ , thus the pair pP,P 1 q satisfies all the conditions in Definition 1.5.
The following technical lemma allows us to show that in order to check (iv) of Definition 1.5 on pHˆHq θ it is enough to check the condition on a transversal of H θ in pHˆHq θ . Lemma 1.7. Suppose that pG, N, θq H is an H-triple. Let P be a projective representation of G θ associated with θ with entries in Q ab , with factor set α. Then the following hold:
and M " Ppgq. In particular, µ g has values in Q ab zt0u. (b) Let pg, σq P pGˆHq θ and suppose that we write g " tx where t P G θ and Proof. Part (a) follows directly from the definitions of P g , of a projective representation, the uniqueness in Remark 1.3 and Lemma 1.4 applied to σ " 1. Given pg, σq P pGˆHq θ , suppose that we write g " tx for some t P G θ and x P G. Note that θ xσ " θ. In particular, x normalizes G θ . Then for every y P G θ we have that 
. Then condition (iv) of Definition 1.5 holds for every a P A if, and only if, it holds for a complete set of representatives of H θ -cosets in A.
Proof. Note that H θ Ÿ A since θ hσ " θ implies that h normalizes H θ . The direct implication trivially holds. Assume that (iv) of Definition 1.5 holds for a complete set of representatives T of the H θ -cosets in A. Given a P A, write a " hxσ for h P H θ and xσ P T. By Lemma 1.7(b) we have that
xσ is the restriction of µ xσ . By Lemma 1.7(a) we have that µ h depends only on the factor set α of P and µ 1 h depends only on the factor set α 1 of P 1 . Since P and P 1 satisfy condition (iii) of Definition 1. Proof. We have that pP, P 1 q is associated with pG θ , N, θq ě c pH ϕ , M, ϕq in the sense of Definition 10.14 of [Nav18] . For every N Ď J ď G θ , we have defined character bijections τ J : IrrpJ|θq Ñ IrrpJ X H|ϕq.
Given χ P IrrpJ|θq, recall that χ is the trace of a representation of the form Q b P J , where Q is an irreducible projective representation of J{N, with factor set β " pα´1q JˆJ , that can be chosen with matrix entries in some finite cyclotomic extension of Q (by Theorem 1.1). Then τ J pχq is the character afforded by
This implies that pµ a q J h Q a is a projective representation of J h {N with factor set pα´1q J hˆJ h . By definition, we have that τ J pχ a q is afforded by
We next prove the second statement. If σ P H G , then let g P H be such that θ gσ " θ (there exists such g P H by the definition of H G , and using the fact that G " G θ H). Since pg, σq P pHˆHq θ " pHˆHq ϕ , we have ϕ gσ " ϕ. Consequently χ σ P IrrpG|θq and τ pχq σ P IrrpH|ϕq. Since ψ gσ is the Clifford correspondent of χ σ , we have that
where τ G θ pψ gσ q " τ G θ pψq gσ by the first part of this proof, so τ is H G -equivariant. Notice that our map preserves ratios of character degrees because character triple isomorphisms do, and it is a bijection since τ G θ and the Clifford correspondence are bijections.
Ordered pairs of H-triples yield H-equivariant bijections between related character sets. 
H q be the bijection defined in the obvious way from the bijections τ i . Given χ P IrrpG|θ 1 q and σ " ωσ i P H with ω P H G , we have that
where we use that the bijections τ i are H G -equivariant and τ i˝σi " σ i˝τ1 . It easily follows that τ is H-equivariant. As each τ i preserves character degree ratios, then so does τ .
Let N Ÿ G and θ P IrrpNq not necessarily satisfying G θ H " G. By the Clifford correspondence, induction of characters defines a bijection Sometimes it will be easier to apply the following weaker version of the above result.
Lemma 2.2. Let N Ÿ G and H
Under the hypotheses of the above lemma, assume that pP, P 1 q gives pK, N, θq H ě c pK X H, M, ϕq H and let h P H, then we will consider that 
Proof. The group theoretical conditions are easily checked. Also, it is easy to check that pH θ HˆHq θ " pH ϕ HˆHq ϕ . Now we have to construct appropriate projective representations of pG θ H q θ " G θ " pG 1 q θ 1ˆp G 2 q θ 2 and pH ϕ H q ϕ " H ϕ " pH 1 q ϕ 1p H 2 q ϕ 2 . This is done as in Lemma 10.20 of [Nav18] . Checking conditions (ii), (iii) and (iv) of Definition 1.5 is straightforward.
Denote by S m the symmetric group acting on m letters. In the next two results we deal with H-triples and wreath products of groups. We follow the notation in Chapter 10 of [Nav18] . 
The other inclusion is also clear using that given g P G, there is σ P H such that θ g " θ σ , by our hypothesis. This also implies that
We follow the proof of Theorem 10.21 of [Nav18] . First, we easily check that pG ≀ S m q θ m " G θ ≀ S m . Conditions (i) and (ii) of Definition 1.5 for
follow from the above discussion together with the discussions inTheorem 10.21 of [Nav18] . Let pP, P 1 q be associated with pG, N, θq H ě c pH, M, ϕq H . Construct projective representationsP andP 1 of G θ ≀ S m and of H θ ≀ S m as in Theorem 10.21 of [Nav18] . Condition (iii) of Definition 1.5 is proven in Theorem 10.21 [Nav18] . It remains to check condition (iv) of Definition 1.5.
For any pγ, σq P ppH ≀ S m qˆHq θ m , we have that γ P pH θ ≀ S m q∆ m H. We denote bỹ µ γσ andμ 1 γσ the functions given by Lemma 1.4 with respect to the action of γσ oñ P andP 1 . By Lemma 1.8 we only need to check the condition for a transversal of H θ ≀ S m in ppH θ ≀ S m q∆ m HˆHq θ m . In particular, it is enough to check the condition for elements pγ, σq such that γ " py, . . . , yq " ∆ m y for some y P H with θ yσ " θ. We check below that, for every x i P H θ and ω P S m , 
Moreover, we see next that pH ≀ S nˆH qθ " pH ≀ S nˆH qφ. Writeθ " β 1ˆ¨¨¨ˆβn andφ " ξ 1ˆ¨¨¨ˆξn . We know that each β i is θ τ i for some τ i P H and then ξ i " ϕ τ i . Let a P pH ≀ S nˆH qθ. Hence a " pγ, τ q, where γ " pa 1 , . . . , a n qω P H ≀ S n and τ P H. The equalityθ a "θ implies that β a ω´1piq τ ω´1piq " β i for every i " 1, . . . , n. This is exactly the same as θ a j τ j τ τ´1 ωpjq " θ, for every j " 1, . . . , n. Write c j " a j τ j τ τ´1 ωpjq P pHˆHq θ " pHˆHq ϕ . Then ϕ c j " ϕ for every j " 1, . . . , n impliesφ a "φ. The above discussion shows that conditions (i) and (ii) of Definition 1.5 are satisfied by the H-triples ppG ≀ S n qθH, N n ,θq H and ppH ≀ S n qφH, M n ,φq H . Next we explain how to construct projective representations giving the relation between the afore-mentioned H-triples. Let pP, P 1 q be associated with pG, N, θq H ě c pH, M, ϕq H . As in Lemma 2.6 we can construct projective representationsP andP 1 associated with
where
. The pair pP,P 1 q of tensor product representationsP
Notice that pG θ ≀ S m q k " pG ≀ S n qθ and pH θ ≀ S m q k " pH ≀ S n qφ. This is because θ i and θ j are not G-conjugate whenever i ‰ j. Notice that we have constructedP andP 1 as in Definition 1.5(iii).
It only remains to check condition (iv) of Definition 1.5. As before writeθ " β 1ˆ¨¨¨ˆβn . Note that β i " θ j whenever i P Λ j " tpj´1qm`1, . . . , jmu, for j " 1, . . . , k.
Let a P pH ≀ S nˆH qθ. Hence a " pγ, τ q, where γ " pa 1 , . . . , a n qω P pH ≀ S n qθH and τ P H. The equalityθ a "θ is equivalent to β a ω´1piq τ ω´1piq
Hence ω´1pΛ j q " Λ l for some l P t1, . . . , ku, and
Hence a i " a 1 i c l for some a 1 i P H θ for every i P Λ l and for l " 1, . . . , k. Write b l " ∆ m c l for each l. Define π P S n by πppl´1qm`iq " pj´1qm`i if ωpΛ l q " Λ j for every i " 1, . . . , m. Hence πplq " j if ωpΛ l q " Λ j , and in this way we can view π P S k . For j " 1, . . . , k, define π j P S n by π j | Λ j " ωπ´1| Λ j and fixing t1, . . . , nuzΛ j . By definition ω " π 1¨¨¨πk π. where the first similarity relation follows from the ones in Equation (2), and the second similarity relation is obtained by conjugating by the matrix X pπq associated with the action of π on the tensors
We have analogous relations forP
By Equation (1) (in the second paragraph of this proof) eachμ 1b j τ j is the restriction ofμb j τ j , and hence the result follows.
We will need to control the character theory and H-action over some characters of central products. Suppose that K is the product of two subgroups N and Z with N Ÿ K and Z ď C K pNq. Then K is the central product of N and Z. 
Note that pθ¨λq gσ " θ¨λ if, and only if, θ gσ " θ and λ gσ " λ, for g P G and σ P H. Hence, G pθ¨λq H X H " H pϕ¨λq H , and Definition 1.5(i) is easily checked. Since pHˆHq θ " pHˆHq ϕ , we have that pH pϕ¨λq HˆHq θ " pH pϕ¨λq HˆHq ϕ , so Definition 1.5(ii) holds.
Since
To ease the notation we assume G " G pθ¨λq H , so that pG, NZ, θ¨λq H and pH, MZ, ϕλ q H are H-triples. We next show how to construct a pair of projective representations giving pG, NZ, θ¨λq H ě c pH, MZ, ϕ¨λq H from pP, P 1 q. Notice that Ppcq " ζ c I θp1q and P 1 pcq " ζ c I ϕp1q for every c P C G pNq. Morever, ζ z " νpzq for every z P Z X N.
By Corollary 1.2, we have that ζ c P U for every c P C G pNq, with U being the subgroup of Cˆof roots of unity. Let ǫ : G θ Ñ U be a function constant on N-cosets and such that ǫpzq " λpzq ζ z P U , for every z P Z. Such ǫ does exist as λpzq " νpzq " ζ z for every z P Z X N.
In particular, ǫp1q " 1. By Lemma 1.6, the pair pǫP, ǫ To finish the proof apply Theorem 1.10.
The following is an H-triple version of the most important result concerning the application of the theory of centrally isomorphic character triples to reduction theorems: the ordering of two H-triples only depends on the automorphisms of the normal subgroup defined via conjugation by the overgroup, see the butterfly theorem (Theorem 5.3 in [Spä14] Proof. Note that C G pNq Ď H and CĜpNq ĎĤ, so the group theory conditions in Definition 1.5(i) are satisfie by Theorem 10.18 of [Nav18] .
Recall that the mapǭ : G{C G pNq ÑĜ{CĜpNq given byǭpC G pNqxq " CĜpNqy whenever ǫpxq "ǫpyq defines a group isomorphism. Let x P G and y PĜ. If ǫpxq "ǫpyq, notice that θ x " θ σ for some σ P H if, and only if, θ y " θ σ , so condition (ii) of Definition 1.5 also holds.
Following Theorem 10.18 of [Nav18] and given a tranversal T of MC G pNq in H ϕ with 1 P T, we can define a transversal p T of MCĜpNq inĤ ϕ with1 " 1. Suppose that pP, P 1 q gives pG, N, θq H ě c pH, M, ϕq H and let λ : C G pNq Ñ Q ab zt0u be given by the scalar associated with P and P 1 for every c P C G pNq . Choose a functionλ : CĜpNq Ñ Q ab zt0u semi-multiplicative with respect to ZpNq as in Theorem 10.18 of [Nav18] . Also following Theorem 10.18 of [Nav18], we can construct projective representationsP ofĜ θ andP 1 ofĤ ϕ with respect to p T,λ and P and P 1 respectively. ThenP is associated with θ,P 1 is associated with ϕ, and they satisfy Definition 1.5(iii). It remains to check Definition 1.5(iv) for pP,P 1 q. We have that H acts by conjugation on the transversal T with t Þ Ñ t¨h if, and only if, pt¨hq´1t
h " m h c h P MC G pNq for h P H. SimilarlyĤ acts on p T. In fact, from the definition of p T it follows that if ǫphq "ǫpĥq for h P H,ĥ PĤ, thent¨ĥ " y t¨h and p y t¨hq´1tĥ " m hĉĥ P MC G 1 pNq, for every t P T.
The inductive Galois-McKay condition
We refer the reader to the Appendix B of [Nav18] for a compendium of the definitions and results on the theory of universal covering groups that are specifically needed in our context.
We can now define the inductive Galois-McKay condition on finite nonabelian simple groups.
Definition 3.1. Let S be a finite non-abelian simple group, with p dividing |S|. Let X be a universal covering group of S, R P Syl p pXq and Γ " AutpXq R . We say that S satisfies the inductive Galois-McKay condition for p if there exist some Γ-stable proper subgroup N of X with N X pRq Ď N and some ΓˆH-equivariant bijection Ω : Irr p 1 pXq Ñ Irr p 1 pNq , such that for every θ P Irr p 1 pXq we have
We recall that for a quasisimple group X (a perfect group whose quotient by its center is simple) and any n P Z ą0 ,
These results appear as Lemma 10.24 of [Nav18] , for example. . By Lemma 2.5 we may assume ℓ " 1, that is, all the factors ofθ lie in the same H-orbit.
Step 2. We may assume thatθ " θ
By
Step 1 and after conjugatingθ by an element of S n , we can writeθ " pθ 1 q n 1p θ k q n k where θ i " θ σ i for some σ i P H and two different σ i define different H Γ -cosets. We work to show that any element γ PΓθH permutes θ i and θ j if, and only if, n i " n j . If we can show that then, after conjugatingθ by an element of S n , we may decomposeθ as a direct product of charactersψ " ψ s 1ˆ¨¨¨ˆψ s r which do not have any factor in common (pairwise). In particular,ΓθH decomposes as a direct sum of pΓ ≀ S sr qψH. By Lemma 2.5 the claim of the step would follow.
Givenξ " ξ 1ˆ¨¨¨ˆξn P IrrpX n q such that all ξ i lie in one H-orbit, we can associate toξ the multiset rξs of the H Γ,ξ 1 -orbits of the factors, namely rξs " rξ whenever ωpiq " j. Putting these two facts together we see that if ωpiq " j then, the number of factors equal to β j inθ is the same as the number of factors equal to β i inθ, as wanted.
Final step. By
Step 2 we have thatθ " θ m 1ˆ¨¨¨ˆθ m k , where θ i " θ σ i for some σ i P H and σ i and σ j define distinct H Γ -cosets whenever i ‰ j. The result then follows by applying Theorem 2.7 with X Ÿ G " X¸Γ θ . Note that the condition that σ i and σ j define distinct H Γ -cosets whenever i ‰ j is equivalent to saying that no θ i is X¸Γ θ H -conjugate to θ j if i ‰ j. 
Proof. First note that the H-triples relations make sense. By the Frattini argu-
Notice that if the theorem is true for Q, then it is true for Q k for any k P K. This is because Ω k pθq :" Ωpθq k would be N G pQq kˆH -equivariant and by using Lemma 2.2. Hence we may choose any Sylow p-subgroup of K.
Let X be the universal covering of S, and let π : X n Ñ K be a covering of K with Z " kerpπq Ď ZpX n q. Since S satisfies the inductive Galois-McKay condition for p, we have R, N and Ω given by Definition 3.1. We prove the result with respect to πpR n q " Q P Syl p pKq. Write M " πpN n q Ě N K pQq. The idea is to prove the theorem with respect to K ŸĜ " K¸AutpKq Q and to use Theorem 2.9 to relate G andĜ via their conjugation homomorphisms into AutpKq.
We mimic the proof of Theorem 10.25 in [Nav18] , see there for more details. Write Γ " AutpXq R as in Definition 3.1 andΓ " Γ ≀ S n . By Theorem 3.2 we have ã ΓˆH-equivariant bijectionΩ 
To finish the proof apply Theorem 2.9 as in the end of the proof of Theorem 10.25 of [Nav18] : Let ǫ : G Ñ AutpKq andǫ :Ĝ Ñ AutpKq be the corresponding conjugation homomorphisms. Let θ P Irr p 1 pKq and let V " ǫpG θ H q. The same arguments as in the proof of Theorem 10.25 of [Nav18] show that ifV :"ǫ´1pV q,
The above result will be key in the reduction theorem carried out in Section 4. Below we write the exact form in which it will be later on applied, in which K (in Theorem 3.3) needs no longer to be perfect. 
Proof. Write K 1 " K 1 and Z " ZpKq. Hence K " K 1 Z is the central product of K 1 and Z, and K 1 is perfect. Also Q 1 :" Q X K 1 P Syl p pK 1 q. Let M 1 and Ω 1 be given by Theorem 3.3 applied with respect to 
The reduction
The following key result is due to F. Ladisch. It is based on work by A. Turull. This is an H-triple version of the well-known fact that a character triple pG, N, θq can be replaced by an isomorphic one pG 1 , N 1 , θ 1 q with N 1 Ď ZpG 1 q, in such a way that the character properties of G over θ are the same as the character properties of G 1 over θ 1 . If we wish to control fields of values of characters above θ, this is no longer true. Still we can somehow replace the original H-triple by another one with convenient properties.
Theorem 4.1 (Ladisch) In particular, pG 1 q λ 1 is mapped to G λ via κ 1 . (c) There is a normal cyclic subgroup C of G 1 with C Ď Z 1 , and a faithful ν P IrrpCq such that ν Z 1 " λ 1 P IrrpZ 1 q. (d) pG 1 , C, νq H is an H-triple. (e) If U " pG 1 q λ 1 and V " pG 1 q ν , then U " Z 1 V and C " Z 1 XV . Also V " C G 1 pCq and C Ď ZpV q.
Proof. Let n " |G| and let H n ď GalpQpξ n q{Qq, where ξ n is a primitive nth root of unity as in Section 1. Notice that H n acts on the characters of any subgroup (or quotient) of G. Let F " Qpξ n q Hn , so that H n " GalpQpξ n q{Fq. The fact that pG, Z, λq H is an H-triple means that λ is semi-invariant in G over F in the sense of [Lad16] (see page 47, second paragraph of [Lad16] ). Apply Theorem A and Corollary B of [Lad16] . The conjugation part in (b), which we shall later need, is not mentioned in Corollary B of [Lad16] , but in Theorem 7.12(7) of [Tur09] .
What follows is essentially a deep result by A. Turull concerning the Clifford theory and action of H over Glauberman correspondents. 
Theorem 4.2 (Turull

